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A B S T R A C T
The intention here is to investigate the eﬀects of wall couple stress with energy and concentration transfer in
magnetohydrodynamic (MHD) ﬂow of a micropolar ﬂuid embedded in a porous medium. The mathematical
model contains the set of linear conservation forms of partial diﬀerential equations. Laplace transforms and
convolution technique are used for computation of exact solutions of velocity, microrotations, temperature and
concentration equations. Numerical values of skin friction, couple wall stress, Nusselt and Sherwood numbers
are also computed. Characteristics for the signiﬁcant variables on the physical quantities are graphically dis-
cussed. Comparison with previously published work in limiting sense shows an excellent agreement.
Introduction
The theory of micropolar has received enormous attentions during
the recent years since the traditional Newtonian ﬂuids cannot speciﬁ-
cally depict the feature of ﬂuid with suspended particles, polar ﬂuids,
suspension solutions, liquid crystals, colloidal solutions and ﬂuid con-
taining small additives. Physically, micropolar ﬂuids may present the
non-Newtonian ﬂuids consisting of short rigid cylindrical elements or
dumb-bell molecules, polymer ﬂuids, ﬂuids suspensions and animal
blood. The existence of dust or smoke particular in a gas may also be
modeled using micropolar ﬂuid dynamics. Eringen [1] ﬁrst derived the
theory of micropolar ﬂuids, which illustrates the microrotation eﬀects
to the microstructures. Eringen [2] extended his idea to the theory of
thermomicropolar ﬂuids, which interest to the special eﬀects of mi-
crostructures on the ﬂuid ﬂow. The mathematical theory of equations of
micropolar ﬂuids and applications of these ﬂuids in the theory of lu-
brication and in the theory of porous media are given in recent books by
Eringen [3] and Lukaszewicz [4].
Combined heat and mass transfer phenomena have great sig-
niﬁcance in engineering and industrial applications in drying, eva-
poration at the surface of a water body, energy transfer in a wet cooling
tower, polymer productions, food processing, the ﬂow in a desert
cooler, and geothermal system; therefore this area of research received
an extensive attention in recent years [5–7]. The study of magnetohy-
drodynamic (MHD) ﬂow has received an immense interest due to its
importance in many engineering applications such as, liquid metals
system of fusion reactors, plasma studies, petroleum industries, cooling
of nuclear reactors, MHD power generators, crystal growth and the
boundary layer control in aerodynamics [8–12]. The micropolar ﬂuids
problems through porous media have many applications, such as
porous rocks, foams and foamed solids, alloys, polymer blends, aero-
gels, and microemulsions. In recent years, many researchers have dis-
cussed unsteady free convection ﬂow of a micropolar ﬂuid with and
without a magnetic ﬁeld through a porous medium for example
[13–17].
Agarwal et al. [18] discussed heat transfer in micropolor ﬂuid past a
porous stationary wall. Srinivasacharya and Rajyalakshmi [19] illu-
strated the problem of creeping ﬂow of a micropolar ﬂuid past a porous
sphere. Abo-Eldahab and Ghonaim [20] presented the radiation eﬀect
on heat transfer of a micropolar ﬂuid through a porous medium. Da-
mesh et al. [21] reported the micropolar ﬂuid with unsteady natural
convection heat transfer over a vertical surface with constant heat ﬂux
using numerical technique. Nadeem et al. [22] analyzed the MHD
stagnation ﬂow of a micropolar ﬂuid through a porous medium. Aur-
angzaib et al. [23] examined the unsteady MHD mixed convection ﬂow
of micropolar ﬂuid with heat and mass transfer over a vertical plate in a
porous medium. Modatheri et al. [24] studied the oscillatory ﬂow of a
micropolar ﬂuid over a vertical permeable plate in a porous medium
with MHD eﬀects. Mostafa et al. [25] investigated the MHD ﬂow and
heat transfer of a micropolar ﬂuid with slip velocity over a stretching
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surface with heat generation (absorption). Haque et al. [26] presented
the micropolar ﬂuid behaviour on steady MHD free convection and
mass transfer ﬂow with constant heat and mass ﬂuxes, joule heating
and viscous dissipation.
Abo-Dahab and Mohamed [27] reported the unsteady ﬂow of ro-
tating and chemically reacting MHD micropolar ﬂuid in slip-ﬂow re-
gime with heat generation. Inﬂuence of heat with source or sink on
MHD ﬂow of micropolar ﬂuids over a shrinking sheet with mass suction
has been discussed by Sajjad and Farooq [28]. Mishra et al. [29] studied
MHD free convection ﬂow of a micropolar ﬂuid with heat source.
Analytic solution for heat and mass transfer problem of a micropolar
ﬂuid in a porous channel by using Diﬀerential Transformation Method
(DTM) was carried out by Sheikholeslami et al. [30]. Hussanan et al.
[31] examined the eﬀects of chemical reaction and thermal radiation on
unsteady free convection ﬂow of micropolar ﬂuid with Newtonian
heating. Unsteady free convection ﬂow of a micropolar ﬂuid past a
semi-inﬁnite vertical plate embedded in a porous medium in the pre-
sence of heat absorption with Newtonian heating was investigated by
Baker et al. [32]. Khalid et al. [33] presented the exact solutions of
conjugate transfer of heat and mass in unsteady ﬂow of a micropolar
ﬂuid with wall couple stress. Mohanty et al. [34] illustrated heat and
mass transfer eﬀect of micropolar ﬂuid over a stretching sheet through
porous media numerically whereas Pal and Biswas [35] studied MHD
oscillatory ﬂow on convective-radiative heat and mass transfer of mi-
cropolar ﬂuid in a porous medium with chemical reaction by using
perturbation technique.
The couple stress ﬂuids are proﬁcient of describing diﬀerent types of
lubricants, suspension ﬂuids, blood, etc. Moreover, some of the non-
Newtonian ﬂow characteristics of blood can be explained by supposing
the blood to be a ﬂuid with couple stress. It is well recognized that at
low shear stress rates during its ﬂow through narrow vessels, being the
suspension of cells, blood behave like a non-Newtonian ﬂuid [36].
Ramanaiah discussed Squeeze ﬁlms between ﬁnite plates lubricated by
ﬂuids with couple stresses [37]. Mokhiamar et al. [38] studied journal
bearing lubricated by ﬂuid with couple stresses. Zakaria [39] analyzed
the unsteady free convection of couple stress ﬂuid through a porous
medium. Sreenadh et al. [40] examined the inﬂuence of MHD on the
couple stress ﬂuid in the porous medium. Khan and Riaz [41] studied
the three dimensional ﬂow of couple stress ﬂuid over a rotating disk.
Rani et al. [42] investigated the couple stress ﬂuid over an inﬁnite
vertical cylinder. Eﬀects of Hall and ion-slip on couple stress ﬂuid be-
tween the parallel disks are presented by Sirnivasacharya et al. [43]. El-
Dabe and El-Mohandis [44] discussed the eﬀect of couple stress on
pulsatile hydromagnetic Poiseuille ﬂow. Farooq et al. [45] examined
the laminar ﬂow of couple stress ﬂuids for Vogel’s model. Khan et al.
[46] obtained the approximate solution of couple stress ﬂuid with ex-
panding or contracting porous channel.
To the best of author’s knowledge so far, no study has been con-
ducted to investigate the energy and concentration phenomenon in
MHD ﬂow of a micropolar ﬂuid over an oscillating vertical plate em-
bedded in a porous medium, especially when exact solutions are re-
quired. The Laplace transforms technique along with convolution is
used to obtain the analytical results for the velocity, microrotations,
temperature and concentration proﬁles. The obtained results are
plotted to see the eﬀects of indispensable ﬂow parameters and dis-
cussed in detail. Skin friction, wall couple stress, Nusselt number and
Sherwood number are also computed. Validation of the analysis has
been performed by comparing the present results with those of
Chaudhary and Jain [6].
Mathematical formulation
Consider the unsteady boundary layer ﬂow of an incompressible
micropolar ﬂuid in the region >y 0 driven by a plane surface located at
=y 0 with a ﬁxed end at =x 0. The ﬂuid is electrically conducting and
passing through a porous medium. It is assumed that at the initial
moment =t 0, both the plate and the ﬂuid are at rest at the constant
temperature ∞T and concentration ∞C . At time = +t 0 , the plate begins to
oscillate in its plane ( =y 0) according to
= >V UH t ωt ti( )cos( ) ; 0, (1)
where H t( ) is the unit step function,U is the amplitude of the motion, i
is the unit vector in the vertical ﬂow direction and ω is the frequency of
oscillation of the plate. The ﬂuid is assumed to be electrically con-
ducting with a uniform magnetic ﬁeld B of strength B0, applied in a
direction perpendicular to the plate. At the same time, the plate tem-
perature and concentration level are raised to Tw and Cw which are
thereafter maintained constants (see Fig. 1).
Assume that the velocity, temperature and concentration are func-
tions of y and t only. Taking the usual Boussinesq’s approximation and
the viscous dissipation term in the energy equation is neglected, mag-
netic Reynolds number is small, electric ﬁeld is zero and the unsteady
incompressible ﬂow is governed by the following set of partial diﬀer-
ential equations:
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The corresponding initial and boundary conditions are given as
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Here u is velocity, μ is dynamic viscosity, ρ is density, g is gravitational
acceleration, α is vortex viscosity, t is time, T is the temperature, C is
the species concentration, D is the mass diﬀusivity, σ the electrical
conductivity of the ﬂuid, k1 permeability of the ﬂuid, ζ is the porosity of
ﬂuid, βT is volumetric coeﬃcient of thermal expansion, βC is volumetric
coeﬃcient of expansion with concentration, N is the microrotation
Fig. 1. Flow conﬁguration of the problem.
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whose direction of rotation is in the xy-plane, j is microinertia per unit
mass, γ is spin gradient viscosity, Cp is heat capacity at constant pres-
sure, k is thermal conductivity, ωt is phase angle qr is the radiative heat
ﬂux. Three diﬀerent values of ⩽ ⩽n0 1, when =n 0, which indicates
=N 0 at the wall represents concentrated particle ﬂows in which the
microelements close to the wall surface are unable to rotate, this si-
tuation is also known as strong concentration of microelements. When
=n 1/2, it indicates the vanishing of anti-symmetric part of the stress
tensor and denotes weak concentration of microelements. The last case
when =n 1 is used for the modelling of turbulent boundary layer ﬂows
[27]. The spin gradient viscosity γ , measures the relationship between
the coeﬃcients of viscosity and micro-inertia, is deﬁned as
= ⎛
⎝
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⎠
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=γ μ α j μj β β α
μ2
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2
and .
To reduce the above Eqs. (2)–(5) into their non-dimensional forms,
following non-dimensional quantities are established,
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Implementing Eq. (7) into Eq. (2)–(5), we obtain the following non-
dimensional partial diﬀerential equations (∗ symbol is omitted for
simplicity)
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The corresponding initial and boundary conditions take the following
non-dimensional forms:
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are the magnetic parameter, permeability parameter, Grashof number,
modiﬁed Grashof number, microrotation parameter, dimensionless spin
gradient, Prandtl number and Schmidt number, respectively.
Exact solutions
Applying the Laplace transforms to Eqs. (8)–(11), and using condi-
tions (12), the following solutions in the transformed y q( , ) plane are
obtained:
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Solutions of Eqs. (15) and (16) under the corresponding boundary
conditions in Eq. (17) are:
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Inverse Laplace transform of Eqs. (18) and (19) are given as:
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Solution of Eqs. (13) and (14) with corresponding boundary conditions
from Eq. (17) and in view of Eqs. (20) and (21), is given by:
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Following Hetnarski [36], the Laplace inverse transforms of Eqs.
(22) and (23) are given by:
= + + − +u y t u y t u y t u y t u y t u y t( , ) ( , ) ( , ) ( , ) ( , ) ( , ),1 2 3 4 5 (24)
= +N y t N y t N y t( , ) ( , ) ( , ),1 2 (25)
where
R R R
R R R
R R
= − + −
+ + − −
+ − −
u y t φ y β t iω k φ y β t iω k φ y β t k
φ y β t a k φ y β t a k φ y β t δ k
φ y β t δ k φ y β t δ k
( , ) ( , , , ) ( , , , ) ( , ,0, )
( , , , ) ( , , , ) ( , , , )
( , , , ) ( , , , ),
1 0 0 0 1 0 0 2 0 0
3 0 11 0 4 0 12 0 5 0 1 0
6 0 2 0 7 0 3 0
R R R
R R R
R
= + +
+ − + − +
+ −
u y t φ y η t δ φ y η t a φ y η t a
φ y η t δ φ y η t δ φ y η t iω
φ y η t iω
( , ) ( , , ,0) ( , , ,0) ( , , ,0)
( , , ,0) ( , , ,0) ( , , ,0)
( , , ,0),
2 7 3 8 11 9 12
5 1 6 2 10
11
= − +
−
u y t λ φ y t λ φ y t a λ φ y Sc t
λ φ y Sc t a
( , ) ( Pr , ,0,0) ( Pr , , ,0) ( , ,0,0)
( , , ,0),
3 0 0 11 1
1 12
R R
R R
R R
R R
= −⎛
⎝
⎞
⎠
∗
⎡
⎣
⎢
⎢
⎢
⎢
⎢
+
+ +
+ − − −
+ − −
⎤
⎦
⎥
⎥
⎥
⎥
⎥
u y t
t πt
ψ y β t k ψ y β t δ k
ψ y β t a k ψ y β t a k
ψ y β t δ k ψ y β t δ k
ψ y β t iω k ψ y β t iω k
( , ) 1
2
( , ,0, ) ( , , , )
( , , , ) ( , , , )
( , , , ) ( , , , )
( , , , ) ( , , , )
,4
12 0 0 13 0 3 0
14 0 11 0 15 0 12 0
16 0 1 0 17 0 2 0
18 0 0 19 0 0
R R
R R
R R
R R
= −⎛
⎝
⎞
⎠
∗
⎡
⎣
⎢
⎢
⎢
⎢
⎢
+
+ +
+ − − −
+ − −
⎤
⎦
⎥
⎥
⎥
⎥
⎥
−u y t
t πt
e
ψ y β t ψ y β t δ
ψ y β t a ψ y β t a
ψ y β t δ ψ y β t δ
ψ y β t iω ψ y β t iω
( , ) 1
2
( , ,0,0) ( , , ,0)
( , , ,0) ( , , ,0)
( , , ,0) ( , , ,0)
( , , ,0) ( , , ,0)
,k t5
12 0 13 0 3
14 0 11 15 0 12
16 0 1 17 0 2
18 0 19 0
0
= − ⎛
⎝
⎞
⎠
∗
⎡
⎣
⎢
⎢
⎢
⎢
+
+ + −
+ − +
+ −
⎤
⎦
⎥
⎥
⎥
⎥
−
N y t
n β
t πt
e
L φ y η t L φ y η t a
L φ y η t a L φ y η t δ
L φ y η t δ L φ y η t iω
L φ y η t iω
( , )
1
2
( , ,0,0) ( , , ,0)
( , , ,0) ( , , ,0)
( , , ,0) ( , , ,0)
( , , ,0)
,k t
1
0
1 2 11
3 12 4 1
5 2 6
7
0
=
⎡
⎣
⎢
⎢
⎢
⎢
⎢
+ +
+ − + −
+
+
⎤
⎦
⎥
⎥
⎥
⎥
⎥
N y t n
L ψ y η t L ψ y η t a L ψ y η t a
L ψ y η t δ L ψ y η t δ
L ψ y η t iω
L ψ y η t δ
( , )
( , ,0,0) ( , , ,0) ( , , ,0)
( , , ,0) ( , , ,0)
( , , ,0)
( , , ,0)
,2
8 9 11 10 12
11 1 12 2
13
14 3
=
⎡
⎣
⎢
⎢
− + − +
+ + + +
⎤
⎦
⎥
⎥
φ ξ t λ b λt
ξ λ b λ b t
ξ λ b λ b t
( , , , ) exp( )
2
exp( )erfc( ( ) )
exp( )erfc( ( ) )
,
ξ
t
ξ
t
2
2
⎜ ⎟
= +
+
⎡
⎣
⎢
⎢
− + − +
− + + +
⎤
⎦
⎥
⎥
+ ⎛
⎝
− − ⎞
⎠
( )ψ ξ t λ b λ b
λt
λ b
ξ λ b λ b t
ξ λ b λ b t
πt
ξ
t
bt
( , , , ) ( ) exp( )
2
exp( )erfc( ( ) )
exp( )erfc ( )
1 exp
4
,
ξ
t
ξ
t
2
2
2
here the ∗f g shows the convolution product of f and g.
Skin friction and wall couple stress
The skin friction co-eﬃcient at the wall is:
= −⎛
⎝
+ ⎞
⎠
∂
∂
+
=
=τ α
u
y
αN1 1 | ,
y
y
0
0
which in dimensionless form reduces to:
= = + − + ′
∗
C τ
ρU
n β u2 2[1 (1 ) ] (0).f w2 (26)
Similarly, the dimensionless couple wall stress co-eﬃcient at the plate
is expressed as:
= ∂
∂ =
C γ N
y
,m
y 0
and in dimensionless form is:
= = + ′∗C C
μjU
β N(1 ) (0).m m (27)
The Nusselt number and Sherwood number can be calculated as:
= ∂ ∂
−
=
∗ ∗
∞
Nu x T y y
T T
( / ) 0,
w
= − ′−Nu θRe (0),x 1 (28)
= ∂ ∂
−
=
∗ ∗
∞
Sh x C y y
C C
( / ) 0,
w
= − ′−Sh ϕRe (0),x 1 (29)
where =Rex vxU is the local Reynolds number.
Limiting cases
The following solutions from the literature appear as the limiting
cases of obtained general solutions.
Solution in the absence of free convection
In this case we assume that, the ﬂow is induced only due to
bounding plate. The corresponding buoyancy forces are zero equiva-
lently, this shows the absence of free convection, which numerically
corresponds to =Gr 0 and =Gm 0 due to the diﬀerences in the tem-
perature gradient. Clearly, in this case the thermal parts of velocities
are zero. Hence the ﬂow is only governed by the corresponding me-
chanical parts given by
= ′ + ′u y t u y t u y t( , ) ( , ) ( , ),1 2 (30)
where
R R′ = − +u y t φ y β t iω k φ y β t iω k( , ) ( , , , ) ( , , , ),1 0 0 0 1 0 0
R R′ = + −u y t φ y η t iω φ y η t iω( , ) ( , , ,0) ( , , ,0).2 10 11
Solution in the absence of mechanical eﬀects
In this case, consider the ﬂow situation when the inﬁnite plate is
static position at every time. More exactly, the wall velocity of the ﬂuid
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is zero for each real value of t and thus the mechanical component of
velocity identically vanishes. Consequently, the velocity of the ﬂuid
u y t( , ) reduces to its thermal components velocity as
= ″ + ″ + − ″ + ″u y t u y t u y t u y t u y t u y t( , ) ( , ) ( , ) ( , ) ( , ) ( , ),1 2 3 4 5 (31)
where
R R R
R R R
″ = − + +
− − − − −
u y t φ y β t k φ y β t a k φ y β t a k
φ y β t δ k φ y β t δ k φ y β t δ k
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Solution in the absence of MHD and porosity eﬀects
In this problem, temperature and concentration distributions are not
eﬀected by MHD and porosity eﬀects. However, MHD and porosity
have strong inﬂuence on velocity as it can be seen from Eq. (24). Thus,
in the absence of MHD and porosity eﬀects, Eq. (24) reduces to
= ‴ + ‴ − ‴ + ‴u y t u y t u y t u y t u y t( , ) ( , ) ( , ) ( , ) ( , ),1 2 4 5 (32)
where
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Solutions for Stokes ﬁrst problem
In this limiting case, the ﬂow in the ﬂuid is induced due to impulsive
motion of the plate. Thus taking = = =ωt β η 0 and =n 0.00001
(equivalently →n 0) into Eq. (24), which correspond the impulsive
motion of the plate as:
= ∼ +u y t u y t u y t( , ) ( , ) ( , ),1 3 (33)
where
R R R
R R
∼ = − + −
+ +
u y t φ y β t iω k φ y β t iω k φ y β t k
φ y β t a k φ y β t a k
( , ) ( , , , ) ( , , , ) ( , ,0, )
( , , , ) ( , , , ).
1 0 0 0 1 0 0 2 0 0
3 0 11 0 4 0 12 0
It is important to note that Eq. (33) is found identical to those ob-
tained by Chaudhary and Jain [6], Eq. (19). Hence this veriﬁes the
correctness of the present work. This comparison is graphically shown
in Fig. 26.
Results and discussion
To assess the physical properties of the present problem, the eﬀects
of various parameters like microrotation parameter β, spin gradient
viscosity parameter η, microelement n, Prandtl number Pr, Grashof
number Gr, modiﬁed Grashof number Gm, magnetic parameter M,
permeability of porous medium K , Schmidt number Sc, phase angle ωt
and time t are analyzed. Numerical results of skin friction, wall couple
stress, Nusselt number and Sherwood number are also presented in
tables (see Tables 1–4).
The eﬀect of β on velocity and the microrotation is plotted in Figs. 2
and 3. These graphs show that velocity decreases whereas microrota-
tion increases with increasing β. On the other hand, the microrotation
takes the negative values of the gradient of velocity at the plate surface
and approaching to zero as one move away from the plate surface as
shown in Fig. 3. This fact totally aggress with imposed conditions on
microrotation (see Eq. (17)). The inﬂuence of spin gradient viscosity
parameter η on the velocity and microrotation is plotted in Figs. 4 and
5. It is found that velocity increases with increasing η, while reverse
eﬀect is observed for microrotation. Figs. 6 and 7 reveal the eﬀect of
parameter n, which relates to the microgyration vector and the shear
stress on the linear velocity and the microrotation proﬁles. It is ob-
served that velocity increases with increasing values of n, whereas the
magnitude of the microrotation increases with an increase of n close to
the plate but decreases with increasing distance from the plate.
Figs. 8–10 elucidate the eﬀect of Pr on velocity, microrotations and
temperature proﬁles. These graphs explain that the inﬂuence of in-
creasing values of Pr result in decreasing of the velocity and tempera-
ture. Physically, this is due to the smaller values of Pr increase the
thermal conductivity of the ﬂuid and consequently heat is able to dif-
fuse away more rapidly for higher values of Pr from the heated surface.
On the other hand, Fig. 9 shows that the magnitude of microrotation
increases as Pr increases. Figs. 11 and 12 displays variations in velocity
and microrotation proﬁles for various values of Gr. It is noted that an
increase in Gr leads to an increase in velocity due to enhancement in
the buoyancy force. Besides that magnitude of microrotation decreases
for large values ofGr. Positive values ofGr correspond to cooling of the
surface by natural convection whereas =Gr 0 shows the absence of heat
transfer due to free convection. On the other hand, the sketches of
velocity and microrotation for diﬀerent values of Gm, are shown in
Figs. 13 and 14. It is observed that, velocity distribution achieves a
Table 1
Variations of skin friction.
β η n Pr Gr Gm M K Sc ωt t τ
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.4781
2.0 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.8136
0.5 0.9 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.0452
0.5 0.6 0.9 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 2.9321
0.5 0.6 0.6 15 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.6112
0.5 0.6 0.6 10 7.0 5.0 0.5 0.5 0.2 π/4 0.6 3.1576
0.5 0.6 0.6 10 5.0 7.0 0.5 0.5 0.2 π/4 0.6 3.1762
0.5 0.6 0.6 10 5.0 5.0 1.5 0.5 0.2 π/4 0.6 3.6238
0.5 0.6 0.6 10 5.0 5.0 0.5 1.5 0.2 π/4 0.6 2.7756
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.5 π/4 0.6 3.5342
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/2 0.6 3.5681
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.9 2.9872
Bold values indicate the variation in the corresponding parameter in each
column.
Table 2
Variations of Nusselt number.
Pr t Nu
10 0.3 0.564
15 0.3 0.867
10 0.6 0.398
Bold values indicate the variation in the corresponding parameter
in each column.
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maximum value in the neighborhood of the plate because of an increase
in the buoyancy force due to concentration gradient and then decreases
accurately to move towards a free stream value. The curve corre-
sponding to =Gm 0 shows the absence of free convection due to mass
transfer.
For diﬀerent values ofM, the velocity and microrotation proﬁles are
plotted in Figs. 15 and 16. It is found that the increasing of the magnetic
ﬁeld is due to decreasing values of the velocity proﬁles throughout the
boundary layer. The eﬀect of the magnetic ﬁeld is more prominent at
the point of the peak value, i.e., the peak value drastically decreases
with an increase in the value of the magnetic ﬁeld, because the presence
of the magnetic ﬁeld in an electrically conducting ﬂuid introduces a
force called the Lorentz force, which acts against the ﬂow if the mag-
netic ﬁeld is applied in the normal direction, as in the present problem.
This type of resisting force slows down the ﬂuid velocity as shown in
this ﬁgure. In contrast, the results show that the magnitude of the mi-
crorotation decreases as M increases. For various values of the K, the
proﬁles of the velocity and the microrotation across the boundary layer
Table 3
Variations of wall couple stress.
β η n Pr Gr Gm M K Sc ωt t Cm
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.5681
2.0 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 2.2043
0.5 0.9 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 2.1090
0.5 0.6 0.9 10 5.0 5.0 0.5 0.5 0.2 π/4 0.6 2.5378
0.5 0.6 0.6 15 5.0 5.0 0.5 0.5 0.2 π/4 0.6 3.0723
0.5 0.6 0.6 10 7.0 5.0 0.5 0.5 0.2 π/4 0.6 1.9087
0.5 0.6 0.6 10 5.0 7.0 0.5 0.5 0.2 π/4 0.6 2.6540
0.5 0.6 0.6 10 5.0 5.0 1.5 0.5 0.2 π/4 0.6 3.6321
0.5 0.6 0.6 10 5.0 5.0 0.5 1.5 0.2 π/4 0.6 2.6732
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.5 π/4 0.6 3.0684
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/2 0.6 2.7612
0.5 0.6 0.6 10 5.0 5.0 0.5 0.5 0.2 π/4 0.9 2.349
Bold values indicate the variation in the corresponding parameter in each
column.
Table 4
Variations of Sherwood number.
Sc t Sh
0.2 0.6 0.2312
0.6 0.6 0.2754
0.2 0.8 0.2167
Bold values indicate the variation in the corresponding parameter in
each column.
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Fig. 2. Proﬁles of velocity for diﬀerent values of β when
= = = = = = = = = =η n Gr Gm M K Sc ωt t1.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 3. Proﬁles of microrotations for diﬀerent values of β when
= = = = = = = = = =η n Gr Gm M K Sc ωt t1.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 4. Proﬁles of velocity for diﬀerent values of η when
= = = = = = = = = =β n Gr Gm M K Sc ωt t0.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 5. Proﬁles of microrotations for diﬀerent values of η when
= = = = = = = = = =β n Gr Gm M K Sc ωt t0.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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are shown in Figs. 17 and 18. It is seen that, velocity increases for in-
creasing values of K. Physically, the existence of a porous medium in
the ﬂow presents resistance to ﬂow. Thus, the resulting resistive force
tends to slow the motion of the ﬂuid along the plate surface and causes
increases in its velocity proﬁles. On the other hand as K increases, the
magnitude of the microrotation proﬁles tends to decrease.
The eﬀect of Sc on velocity, microrotation and concentration pro-
ﬁles illustrated in Figs. 19–21, respectively. It is seen from these ﬁgures
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Fig. 6. Proﬁles of velocity for diﬀerent values of n when
= = = = = = = = = =β η Gr Gm M K Sc ωt t0.5, 1.5,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 7. Proﬁles of microrotations for diﬀerent values of n when
= = = = = = = = = =β η Gr Gm M K Sc ωt t0.5, 1.5,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 8. Proﬁles of velocity for diﬀerent values of Pr when
= = = = = = = = = =β η n Gr Gm M K Sc ωt t0.5, 1.5, 0.6, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 9. Proﬁles of microrotations for diﬀerent values of Pr when
= = = = = = = = = =β η n Gr Gm M K Sc ωt t0.5, 1.5, 0.6, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 10. Proﬁles of temperature for diﬀerent values of Pr when =t 0.4.
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Fig. 11. Proﬁles of velocity for diﬀerent values of Gr when
= = = = = = = = = =β η n Gm M K Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 2, 0 and 0.6.
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Fig. 12. Proﬁles of microrotations for diﬀerent values of Gr when
= = = = = = = = = =β η n Gm M K Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 2, 0 and 0.6.
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Fig. 13. Proﬁles of velocity for diﬀerent values of Gm when
= = = = = = = = = =β η n Gr M K Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 2, 0 and 0.6.
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Fig. 14. Proﬁles of microrotations for diﬀerent values of Gm when
= = = = = = = = = =β η n Gr M K Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 2, 0 and 0.6.
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Fig. 15. Proﬁles of velocity for diﬀerent values of M when
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Fig. 16. Proﬁles of microrotations for diﬀerent values of M when
= = = = = = = = = =β η n Gr Gm K Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and 0.6.
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Fig. 17. Proﬁles of velocity for diﬀerent values of K when
= = = = = = = = =
=
β η n Gr Gm M Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and
0.6
.
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Fig. 18. Proﬁles of microrotations for diﬀerent values of K when
= = = = = = = = =
=
β η n Gr Gm M Sc ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0.2, 0 and
0.6
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Fig. 19. Proﬁles of velocity for diﬀerent values of Sc when
= = = = = = = = = =β η n Gr Gm M K ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0 and 0.6.
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Fig. 20. Proﬁles of microrotations for diﬀerent values of Sc when
= = = = = = = = = =β η n Gr Gm M K ωt t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0 and 0.6.
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Fig. 21. Proﬁles of concentration for diﬀerent values of Sc when =rP 10.
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Fig. 22. Proﬁles of velocity for diﬀerent values of ωt when
= = = = = = = = = =β η n Gr Gm M K Sc t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0.2 and 0.6.
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Fig. 23. Proﬁles of microrotations for diﬀerent values of ωt when
= = = = = = = = = =β η n Gr Gm M K Sc t0.5, 1.5, 0.6,Pr 15, 5, 0.5, 0.2 and 0.6.
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that with increasing Sc, velocity and concentration are tending to de-
crease across the boundary layer. Besides that Fig. 20 shows that the
magnitude of microrotation increases as Sc increases. In Figs. 22 and 23
graphs are plotted for velocity and microrotation proﬁles for diﬀerent
values of ωt . It is found that the velocity presents an oscillatory beha-
viour. Instead, the magnitude of microrotation shows an increasing
behaviour. Fig. 22 presents that velocity satisﬁes the imposed boundary
condition (17). This ﬁgure can easily help us to check the accuracy of
our results. Figs. 24 and 25 depict the eﬀects of t on velocity and mi-
crorotation proﬁles. It is observed that velocity and microrotation have
reverse relation with increasing values of t, whereas temperature in-
creases with increasing t. In order to check the accuracy of present re-
sults, the velocity proﬁles of present result, Eq. (33) is compared with
published results in literature Chaudhary and Jain [6]. This comparison
is plotted in Fig. 26 and excellent agreement is observed.
Conclusion
In this study a combined phenomenon of heat and mass transfer in
the MHD unsteady ﬂow of an incompressible, homogeneous micropolar
ﬂuid past an oscillating vertical plate with isothermal temperate and
constant mass diﬀusion in a porous medium has been investigated. The
governing equations of the ﬂow, together with initial and boundary
conditions are written in the non-dimensional forms. The Laplace
transforms and convolution technique used for closed forms solutions of
the velocity, microrotation, temperature, and concentration have ex-
pressed in terms of exponential and complementary error functions.
Based on the obtained solutions and using some graphical illustrations
generated with the MATHCAD software, the following main points are
concluded.
• Velocity across the boundary layer increases with increasing
η n K Gr Gm t, , , , and whereas decreases with increasing values of
β M Sc ωt, ,Pr, and .
• Magnitude of microrotation on the plate is decreases with increasing
η n K Gr Gm t, , , , and , while increases with increasing
β M Sc ωt, ,Pr, and .
• Temperature increases with increasing t, whereas concentration
decreases with increasing Sc.
• The velocity is smaller for micropolar ﬂuids than for Newtonian
ﬂuids.
• An excellent agreement of the present results (33) is found with
existing results obtained by Chaudhary and Jain [6].
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Fig. 24. Proﬁles of velocity for diﬀerent values of t when
Fig. 25. Proﬁles of microrotations for diﬀerent values of t when
= = = = = = = = =β η n Gr Gm M K Sc0.5, 1.5, 0.6,Pr 15, 5, 0.5 and 0.2.
Fig. 26. Comparison of the present results (33), when = = =β η ωt 0 and
=n 0.00001 with results obtained by Chaudhary and Jain [6] see Eq. (19), when
= =ωt t0 and 0.6.
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Appendix A
R = −nG iωR0 12 1 14 R = −nG iωR1
1
2 1 13
R = +λ λ2 0 1
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